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1 Introduction 



The advent of D-branes ^ has brought about significant advances in string theory — for 
reviews see refs. 0, ^. Much of the progress has come about by directly studying the low 
energy dynamics of the D-brane's world volume which is known to be governed by the Born- 
Infeld action |^ . This world volume theory living on D-branes has many fascinating features. 
Among these is the possibility for Dp-branes, through an appropriate excitation of fields, to 
morph into objects resembling Dp'-branes of lower or higher dimensionalities. This is seen, for 
instance, in the Born-Infeld string where a D3-brane, pulled out into a spike and adorned with 
a magnetic monopole field, describes a D-string extending out from the D3-brane. We also know 
from matrix theory [0, § and the dielectric effect for D-branes that a collection of DO-branes 
can expand into a D2-brane. This is a direct consequence of the fact that the world volume 



theory living on a collection of coincident D-branes possesses a non-abelian gauge symmetry |^ 
and that the world volume fields describing the brane's position become matrix valued in this 
context. The non-abelian generalization of the Born-Infeld action has received much attention 
recently. The form of the bosonic part of the action for arbitrary supergravity backgrounds 
was proposed in refs. 0, TT| and has led to many interesting developments including the giant 



gravitons of ref. [0, the resolution of curvature singularities a la Polchinski and Strassler |^ 
as well as several new insights into world volume gauge theories as described, for example, in 
refs. ig, |15|, |16|, |T7HT|, [T|, |2g. 



In this paper, we will use the non-abelian Born-Infeld action to study a set of Dl-branes 
ending on a collection of orthogonal D5-branes. We find that this D5_LD1 intersection shares 
many features with the well-known D3_LD1 system, but there will, of course, be interesting 
differences as well. Since the D5_LDl-system is not a brane intersection that is commonly 
discussed, let us begin by reminding the reader how it is possible for D-strings to end on 
D5-branes. The D-strings are electric charge sources for the Ramond-Ramond (RR) two- 
form potential C^'^\ and so one must understand how this charge is conserved in the D5_LD1 
intersection ||21]|. In the presence of D5-branes, the equations of motion for the RR two- form 
are modified by the appearance of new source terms due to the following term in the D5-brane 
action, 

Swz ^ 2n^a'^fX5 [ STr [C^^^ A F A F] . (1) 
Hence D-strings can end on D5-branes, but they must act as sources of second Chern class or 



instanton number in the world volume theory of the D5-branes p2[. That is, the intersection 
will be described by a configuration involving the D5-brane gauge field F with J F A F ^ 0, 
for any four-surface surrounding the D-string endpoints. Hence, one interesting point that 
distinguishes this from the D3±D1 system, is that if the D5_LD1 intersection is to be resolved 
by a smooth low energy field configuration, it must involve a non-abelian gauge field. This, 
in turn, indicates that the intersection must involve several coincident D5-branes rather than 
just a single D5-brane. Another feature, which distinguishes the D5_LD1 intersection from the 
D3_LD1 system, is that it is not supersymmetric. The latter is easily seen in the context of 
perturbative string theory. The D5-D1 strings would have six Neumann-Dirichlet directions. 
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which is inconsistent with a supersymmetric ground-state ^. 

In analogy with the previous work on the D3_LD1 case |23|, [1^, we will examine the 
D5_LD1 configuration from two dual points of view. Beginning with the world volume theory of 
the D-strings, in analogy to the D3_LD1 construction in ref. [Q, we find a funnel configuration 
in which the D-strings expand through a noncommutative geometry into a set of D5-branes. 
The second point of view is constructing the D5_LD1 intersection within the D5-brane world 
volume theory. Here we construct a non-abelian gauge field as described above, and we also 
excite one of the transverse scalars. The D-strings then appear as a bion spike which smoothly 
deforms the (otherwise) planar geometry of the D5-branes. 

The noncommutative space which we encounter in the D-string funnel is the fuzzy four 
sphere, which we describe using an explicit matrix representation found in ref. |]2^. Due to a 



curious restriction on the dimensions of these matrices we find that the number of D-strings, 
N, and the number of D5-branes, n, are related by ~ for large n. We find a similar 
relation in the D5-brane world volume description. There our construction of the D5_LD1 
intersection involves SU{n) instantons which are homogeneous on the four sphere. It turns out 
that the spherical symmetry imposes an upper bound on the instanton number, N, given again 
by iV ~ for large n\ 

We find also that quantities such as the energy and Ramond-Ramond charges of the D5_LD1 
intersection agree between the dual D-string and D5-brane points of view at large N. While 
the agreement begins to fail for small this should not be viewed as a failure of the duality 
between these two descriptions. Rather it is a limitation of our analysis which relies on the 
non-abelian Born-Infeld action. The latter is only a low energy action which does not give 
a reliable description of all field configurations. Hence, for small A^, our dual analyses give 
complimentary descriptions of the same system which are valid in different regimes. Of course, 



similar limitations are also found in examining the D3_LD1 intersection . 



An outline of the paper is as follows: Since many of our considerations are in analogy 
with previous studies of the D3_LD1 system, we give a brief review of the latter in Section 2. 
In Section 3, we consider the D5_LD1 system from the point of view of the low energy D- 
string theory, while in Section 4, we do the same using the D5-brane world volume theory. In 
Section 5, we present the extension of our analysis to the case where the D-strings are replaced 
by dyonic strings, i.e., bound states of fundamental and Dirichlet strings. In Section 6, we 
consider fluctuations of the static D5_LD1 conflguration from the point of view of the D-string 
theory. Finally in Section 7, we provide a discussion of our results. Appendix A summarizes 
the properties of the matrices used to construct the noncommutative four-sphere. In Appendix 
B, we give a discussion of the homogeneous instantons which play a role in the D5-brane 
construction of Section 4. 
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2 Review of the D3±Dl-brane system 



In this section, we briefly review a system consisting of a set of D-strings ending on an orthogonal 
D3-brane. This has two dual descriptions coming from the D3-brane and the D-string world 
volume theories. Within either of these theories, the field configurations can be determined 
by simply solving the BPS conditions or by studying the full Born-Infeld equations of motion. 



Here, we use a simple approach based on minimizing the energy |^, while pointing out some 
aspects that will be of relevance in later sections. 

We start with the D3-brane theory construction. The low energy dynamics of a (single) 
D3-brane in a Minkowski space background is described by the Born-Infeld action [Q, 

s = Jdtc = -nJ rfVv'^d^r^^^^r+A^^^WTXF^, (2) 

where A = 27ia' = 27r£^. Here we have implicitly used static gauge, with a" (a = 0, . . . , 3) de- 
noting the world volume coordinates while 0* (i = 4, . . . , 9) are the scalars describing transverse 
fluctuations of the brane. Also, Fab is the field strength of the U{1) gauge field on the brane. 

Within this theory, D-strings appear as BPS magnetic monopoles 0. Hence we consider 
exciting one of the scalar fields, say = 0^, as well as a magnetic field = ^e^^^Fst {r, s,t = 
1, . . . , 3). One can show that it is consistent with the equations of motion to set all the other 
fields equal to zero. For static configurations, we then evaluate the energy. 



E = -/: = T3y rfVy'l + A2|V0|2 + A2|5|2 + A4(5- V0)2 
= Ts j rfV-\/A2|V0TS|2 + (l±A25- V0)2 

> TsJ £a (l ± X'^B ■ V0) . (3) 

The first term in this lower bound is simply the energy of the D3-brane. The second term is a 
total derivative: B ■ V0 = V ■ (-B0) using the Bianchi identity V ■ -B = 0. Hence this term is 
topological, depending only on the boundary values of the fields specified at infinity and near 
singular points (after introducing a cutoff, such as at r = below). Therefore, the last line of 
eq. (^ provides a true minimum of the energy for a given set of boundary conditions. 

The lower bound in eq. (H) is achieved when 

V0 = ±5 , (4) 

which coincides with the BPS condition for the magnetic monopoles 0. Further, using the 
Bianchi identity, eq. (^) implies = and so we are looking for harmonic functions on the 
D3-brane. The simplest solution, corresponding to the "bion spike," is given by 

<P{r) = ^, B{f) = T^r, (5) 
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where = (cr^)^ + (cr^)^ + (o"^)^, and is an integer due to quantization of the magnetic 
charge. The energy of this configuration is readily computed to be 

//»oo 
d^a + NTiJ rf(A0), (6) 

where Ti = (27r£s)^T3. Hence we have recovered the energy expected for a BPS configura- 
tion consisting of N semi-infinite D-strings ending on an orthogonal D3-brane. Note that the 
physical distance in the transverse direction is A0. Other considerations, such as the effective 
charge distribution and fluctuations on the strings confirm that the bion spike describes 
the D3_LDl-system to a good approximation. 

Now we consider the dual description of the D3_LDl-system given by the D-string theory. 
The low energy dynamics of D-strings in a flat background is well described by the non- 
abelian Born-Infeld action |^: 

5 = -Ti y d'-a STry/- det (r/,, + X^da^^Q-^'df,^^) det (Q^^) , (7) 

where Q*-' = S^^ + iAf^*,^-']. Again we are assuming static gauge where the two worldsheet 
coordinates are identified with r = and a = x^. The transverse scalars {i = 1, ... ,8) 
are now N x N matrices transforming in the adjoint representation of the U{N) worldsheet 



gauge symmetry. The symmetrized trace prescription ||2^, denoted by STr, requires that we 
symmetrize over all permutations of and [$*, within the gauge trace upon expanding 
the square root. For explicit computations, it is often convenient to write the two determinants 
under the square root in terms of the single determinant. 



S = -Ti / rfV STr 



det 



To find static solutions describing the D3±Dl-system, we allow three of the transverse 
scalars, {i = 1,2,3), to depend on the spatial coordinate a. Evaluating the determinant in 
eq. (H) the energy becomes 

E = Ti j daSTr^l + \^{d,¥Y - ^A2[$%$i]2 - ^\\e^^^d,^^[^o 



= Ti j c/aSTryA2(a,$* ^ le*J'=[<l>^ $'^])2 + (1 ± ^-X^e^^d^^^l^^ ,^^]f 
> Ti j da STr ± ^-\^t'^^d,^'[^^ , ^^]^ 

= NTi J da± ^A^Ti j dadJTr (e*-''=$^<l>-'$^') . (9) 

Here the lower bound is again the sum of a trivial term (the energy of the A^ D-strings) and a 
topological term. The minimum energy condition is 

= ±^e''''[^\^^], (10) 



which can be identified as the Nahm equations [ESI 53]. The desired solution is given by 



<^'^(^) = ±^, (11) 

where the a* are an x representation of the SU{2) algebra, 

= 2ze'^V. (12) 

These SU{2) matrices satisfy ~ Cl^, where 1^ the N x N identity matrix, and 

the constant C is the Casimir. We focus on the irreducible N x N representation for which 



C = N — 1. This noncommutative scalar field configuration (11) describes a fuzzy two-sphere 



29 1 with a physical radius 



Ri^) = ^Tr[$^(a)2] = ^^—^ = ^^1 - (13) 

Hence the solution describes a "fuzzy funnel" in which the D-strings expand to fill the X^'^'^ 
hyperplane at cr = 0. This geometry can be compared to the D3-brane solution (H) after 
relabeling a ^ A0 and R ^ r. We see that both descriptions yield the same geometry in the 
limit of large N, up to 1/A^^ corrections. There is similar agreement for other quantities, such 
as the energy, 

E = NTi d(j + {l- l/N^y^/^Ts J AuR^dR, (14) 

and the charges, in the large limit. Hence at least in this limit, the two dual descriptions are 
in good agreement, as might be expected since the fuzziness of the funnel solution is effectively 
smoothed out. Note, however, that the Born-Infeld actions, eqs. (^ and (0), only describe low 
energy dynamics and do not provide a complete theory in either case. Therefore, in general, 
one must regard these two dual descriptions as complimentary. That is, the D-string theory 
gives reliable results near the core of the spike, while the D3-brane theory is valid for r large 



see ref. 14 for further discussion of these issues. 



3 D-strings growing into D5-branes 

As we reviewed above and elaborated on in ref. WM, the non-abelian theory describing A^ 
coincident D-strings has noncommutative scalar field solutions which have an interesting inter- 
pretation in terms of fuzzy geometry. To describe the D3_LDl-system, it is natural to consider 
a funnel with a fuzzy two-sphere as the cross-section. However, this particular noncommutative 
geometry was introduced by hand, and so a natural question to investigate is whether similar 
solutions of the D-string equations of motion exist which involve fuzzy geometries other than 
the two-sphere. In the following, we focus on a generalization involving fuzzy four-spheres 
based on the matrices constructed by Castelino, Lee and Taylor P3. As might be expected 



from their analysis, we will see that this construction leads to a fuzzy funnel in which the 
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D-strings expand into orthogonal D5-branes. Although not supersymmetric, this configuration 
shares many common features with the D3-brane funnel. We will comment briefiy on other 
noncommutative geometries in the discussion section. 

Our starting point is again the low energy action for D-strings (0), however, we now 
consider static configurations involving five (rather than three) nontrivial scalars, with i = 
1, . . . , 5. In this case, the action becomes 

S = -Ti j (fa STr 1 1 + \^{d^^'f + 2\^^'^^^' + 2\'^{^'^^^'f - 4A^$*^$^'=$'='$'* + 

+ 2\\d,^'f¥^^^^ - A\'^d,^'¥^^^^d,^^ + — (e^^'='"^9,$'$-''=$''")2 I , (15) 



where we have introduced the convenient notation 

$ii = 1 . (16) 

To construct a new funnel solution, we consider the following ansatz: 

^\a) = ±R{a)G\ z = l,...,5, (17) 



where -R(cr) is the (positive) radial profile and G* are the matrices constructed in ref. — see 
also ref. ||3^ . We give the definition and many useful properties of the matrices in appendix 
A. Here, we simply note that the G* are given by the totally symmetric n-fold tensor product 
of 4 X 4 gamma matrices, and that the dimension of the matrices is related to the integer n by 

(n + l)(n + 2)(n + 3) 



N 
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The solution will describe a funnel whose cross-section is a fuzzy four-sphere with a physical 
radius 

R{a) = \^/TT[^i{ay]/N = XR{a)^TiG^Gi /N = ^cXR{a). (19) 

The constant c is the "Casimir" associated with the matrices, i.e., G^G^ = cljy, given by 

c = n{n + 4). (20) 



Before considering the full solution, we remind the reader of a puzzle presented in ref. 
Consider the lowest order equations of motion, 

(-9^ + 9^)$^ = [$^[$^<l>^]], (21) 

which are independent of the number of transverse scalars being excited. Substituting in the 
static ansatz (pTj), and applying various matrix identities presented in the appendix, yields 

R" = 16R\ (22) 
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which yields a simple funnel solution: R{cr) = {2\/2a)^^. Now, this solution shows the same 
R ~ behavior as we found for the D3-brane funnel (0). In fact, since the lowest order 
equations always take the same form, this will be the universal small R behavior of any D-string 
funnel. However, if the funnel constructed here is to expand into a D5-brane, we expect that 
at large R, the expansion would be governed by a harmonic function in five spatial dimensions, 
i.e., a ~ R~^ or i? ~ a~^^^. In ref. WM we anticipated the resolution of this puzzle, namely. 



that higher order terms in the Born-Infeld action would effect a transition from the universal 
small- behavior to the "harmonic" expansion at large R. This is precisely the result that we 
find in the following. 

Now consider the full equations of motion resulting from the action (|1^). It is a straight- 
forward but tedious exercise to calculate the latter, and the result is a rather formidable and 
unilluminating expression that we do not include here. However, plugging the ansatz (|1^ into 
these equations, one finds that all the matrix products simplify, leaving a single overall factor 
of G*. To verify this claim one uses the identities given in appendix A. The final result is then 
simply a differential equation for R{a). 

Knowing this, a simpler procedure is to substitute the ansatz (0) directly into the action 
(|T3|). We again make heavy use of the matrix identities in appendix A, and we choose to express 
the results in terms of the physical radius R, rather than R, using eq. ([T9|). The resulting action 
for the radial profile -R(o") is 

S = -NT, J d^a^l + {R'^ll + 4i?V(cA')]. (23) 

Actually this result is only captures the leading large-iV contribution at each order in the 
expansion of the square root. There are corrections at order 1/c because we have not fully 
implemented the symmetrization of the trace. 



From the action (p3|), we can derive an energy bound similar to that in eq. @, 
E = NTi I da 



i?'^^8i?V(cA2)+16i?V(cA2)2j + (^l±/?V8^V(cA2)+16i?V(cA2)2 
> NTi j da(l± R'^m^/{cX^) + 16/?V(cA2)2 



.1/2 



(24) 

This is again a sum of the trivial term and a topological term. The equality is obtained when 



R' = TV8i?V(cA2) + 16i?7(cA2)2. (25) 

Note that this equation is also compatible with the full equation of motion — see end of the 
section for more discussion. 

Let us now investigate the profile specified by eq. (^). This equation can be explicitly 
solved in terms of elliptic functions, but it is more instructive to consider various limits. For 
small R, the i?^ term under the square root dominates, and we find the funnel solution 

- (26) 
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This is precisely the leading order solution found above with the universal behavior: R a ^. 
However, for large R the equation becomes R' = =f4-R''/(cA^), with solution 



i^W-^^j . (27) 

which is precisely the harmonic behavior that we anticipated for a D5-brane to appear at a = 0. 
The cross-over between the universal and harmonic expansion occurs when the two terms under 
the square root are comparable, i.e., 

Rc ~ (cAV2)1/^ = {27r\y/X. (28) 

Note that for large c (and hence large A^), this is a macroscopic distance scale, i.e., Rc^ is- 

To verify that the solution of eq. (^) indeed corresponds to the funnel expanding into a 
number of D5-branes, we can investigate the RR charge and the energy. If the configuration 
corresponds to D5-branes located at cr = and spanning the X^'^'^'"^'^ directions, it should 
be a source for the six- form RR potential Cq^2345- The required source term comes from the 
following term in the non-abelian Wess-Zumino action |Tl|, 

- STi P [{hhYC^^^ = --^ / c/arfrC'i?2345STr(e*^'=''"$*$^$'^$'9,$'") 



QN{n + 2) 



/is j drdRn4R'cS>,,,„ (29) 



where /is = fii/{2nis)'^ and Q4 = 87r^/3 is the area of a unit four-sphere. This is precisely the 
D5-source term we expect, after averaging over the angles, and the number of D5-branes is 
given by 

6iV(n + 2) ^ (n + l)(n + 2)^(n + 3) ^ 

c3/2 n3/2(n + 4)3/2 ^"^^^ 

for large N. Thus, in this limit, the funnel appears to expand into n D5-branes. We can also 
now comment on the alternate signs which we introduced in the ansatz (0): With the plus 
sign, the funnel carries a positive charge corresponding to n D5-branes. On the other hand, 
with the negative sign, there is a negative charge corresponding to n anti-D5-branes, by our 
present conventions. 



Now consider the energy (24) of our configuration. Using eq. (^), this expression can be 
put into the following form. 



POO 

E = NTi rfcr[l + 4i?V(cA')]' 
Jo 



'0 

= NTi / da + — Ts / QiR^dR + NTi / dR- AE, (31) 
Jo c Jo Jo 

where Ts = Ti/(27r£s)^. The first term in eq. (^) corresponds to the energy of N semi-infinite 
strings stretching from a = to infinity. The second term gives the energy of QN/ c D5-branes 
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spanning the X^'^'^'^'^ hyperplane. Note that in the large N hmit, 6N/c ~ n and so the energy 
calculation reproduces the result that n D5-branes appear at a = 0, as we inferred from the 
charge calculation above. These first two terms in eq. (|3T|) precisely parallel the two terms 
making up the total energy of the supersymmetric D3_LD1 system. The current configuration 
however is not supersymmetric and so there are other contributions to the energy. The third 
term seems to correspond to the energy of N D-strings running out radially across D5-brane 
world volume. The last contribution is a finite binding energy: 



AE 



2NT, { ^ 



1/4 



duu 



2u^ 



-\ 1 + -^ 



1.0102iVc^/^Tii 



(32) 



We will further discuss this result for the energy in the last section. 



The above discussion concerns only an infinite funnel solution, but let us return to the full 
equation of motion to look for other solutions. The equation of motion derived from the action 
([23| ) for the radial profile is 

1 d l + 4i?7(cA2^ 



R'da ^1 + {R'Y 
This is easily integrated once to yield 



0. 



(33) 



{R 



l\2 



a2 



- 1, 



(34) 



where is a dimensionless integration constant. Just as for the D3_LD1 system [Q, there 
are three classes of solutions depending on the value of i?^. If 5^ = 1, eq. (|3^) coincides 
with the condition ( p5D minimizing the energy (^4]). Hence, this choice reproduces the infinite 
funnels discussed above. For < 1, the solution reaches i? = at finite a yielding a pinched 
off funnel. This solution is naturally continued beyond -R = with another pinched funnel, 
and the resulting configuration would have the interpretation of two sets of parallel D5-branes 
joined by a finite D-string. Finally, for 5^ > 1, the solution reaches i?' = at finite a and 
terminates. Again by matching the appropriate solutions, we can construct a double funnel 
which in this case describes a D-string joining parallel D5-branes and anti-D5-branes. We do 
not elaborate on the details of the double funnel constructions as they are made in complete 
analogy with those in the D3_LD1 system — see Section 3.2 of ref. ||T^ . 



4 D5-branes growing D-strings 

We have seen in the previous section that the D-string theory contains solutions where the 
D-strings expand into a set of orthogonal D5-branes. Now we want to investigate to what 
extent these results can be reproduced from the dual point of view of the D5-brane world 
volume theory. The charge conservation arguments presented in the introduction showed that 
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the orthogonal D-strings act as a source of second Chern class in the world volume theory of 
the D5-branes. To be precise, if N D-strings end on a set of D5-branes, we require 



Stt 



TtFAF = N, (35) 

54 



for any four-sphere surrounding the D-string endpoints. Hence we must excite a non-abelian 
gauge field in the D5-brane theory, which in turn means that we must consider a collection of, 
say, n coincident D5-branes for which the world volume gauge symmetry is enhanced to U{n). 
By analogy to the bion spike on the D3-brane, we must also excite one of the transverse scalars, 
say (p = <P^, but it must reside in the overall U{1) component of the U{n) gauge symmetry to 
represent a collective deformation of the geometry of all the D5-branes. The relevant world 
volume action for the n D5-branes reads 

^5 = -T5 J (fa STr V- det {Gab + \''da<pd,(t> + \F,b). (36) 

We introduce spherical coordinates on the D5-brane world volume, with radius r and angles 
(i = 1, . . . , 4). The line element may be written 

ds^ = Gabda^-da^ = -dt^ + rfr^ + r^gijda'da^, (37) 

where gij is the metric on a four-sphere with unit radius, 

gij = diag[l, sin^(a"'^), sin^(Q;"'^) sin^(a^), sin^(Q;"'^) sin^(a^) sin^(a^)] . (38) 

Now we look solutions with a "nearly spherically symmetric" ansatz: The scalar is only a 
function of the radius, i.e., = 0(r). For the gauge field, we require that Aj. = while the 
angular components are independent of r, i.e., , A^i = ^0,^(0-'). Examining the full equations 
of motion shows that this is a consistent ansatz. For the non- vanishing components of the field 
strength, we introduce the convenient notation: Fij = XFaiaJ- Further define 

F^J ^ g^^g^^F,u % = \e,,uF'\ (39) 

i.e., the indices are raised with the inverse metric on the unit four-sphere, and the dual is 
defined using the volume form of the unit four-sphere, with €1234 = ^/g (where g = det{gij)). 
With these definitions, the charge conservation condition (|35D becomes 



^ y"Tr ^d'a = N. (40) 



Substituting in the ansatz given above, the action (^) can be evaluated as 

^5 = -T5 f d^a Vl + \\<P'f STiJr^ + ^r^F,,F^^ + ^{F,,*F''y . (41) 
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As in the previous section, the expression under the square root does not lend itself to being 
written as a sum of squares which would facilitate a minimum-energy analysis. We will return 
to this point later, but for now we study instead the equations of motion directly. 



The equation of motion for is simply 

d dS5 



which yields 



dr d(f)' 



, (42) 



v/l + A2(0')2 STry^rS + ^r^Fi^F^^ + ^(F,,*F'')2 



(43) 



where /(a*) is an arbitrary function independent of r. Now the left hand side is a function 
of r only, so for consistency with our ansatz, we require: /(a*) = X^y/g/B where i? is a 
dimensionless integration constant, and the gauge field must be such that the denominator 
above is independent of the angles. 



The gauge field equation of motion can be written 



r^F^j + 1*F''F,i*f'' 

V9- 



+ lr^Fi^Fij + ^^{Fi,*F'')\ 



0, (44) 



It is easy to see that if we choose a self-dual field strength Fij = *Fij, the above equation 
reduces to the usual Yang-Mills equations, which are then automatically satisfied due to the 
Bianchi identity. The scalar equation of motion (^3|) then imposes the further restriction that 

Fij*F '' should be independent of the angles, i.e., the equations of motion restrict our "nearly 
spherically symmetric" ansatz to a fully spherically symmetric solution. Of course, we could 
also choose an anti-self-dual field strength with negative instanton number (representing an 
anti-D-string spike), giving identical results. 

For now let us assume that the desired instanton solutions exist — we will return to this 
point below. With J^d^a = 8n^/3, eq. (|0|) yields that 

TrFi/F'^ = GA^A^. (45) 

Similarly with a self-dual gauge field, the square root that appears in various expressions above 
becomes 

STr^rS + ^r^FijF'^ + ^(F^/F^'p = Tr (^r^ + = nr^ + ^NX\ (46) 

The equation of motion (|43|) for (f){r) can then be written 

A'(0')' = ^-4 • (47) 
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To compare with the radial profile ( P^ found in the D-string description, we identify the 
physical transverse distance as a = A0, and equate the radii r = R. Then we see the form 
of the two equations agrees provided that we set B = 2B/3N. Complete agreement of the 
equations requires the coefficients 4/c and 2n/{3N) to be equal, and in fact, this equality is 
achieved in the large N limit. Hence in this limit we have complete agreement for the geometry 
determined by the two dual approaches! This agreement would hold for the double funnel 
solutions discussed below eq. ([3^), as well as for the infinite funnel which is the focus of our 
investigation. 

For the spherically symmetric spike describing semi-infinite D-strings, the energy is easily 
evaluated to be 

E = T5 j^d^a dr + A2(0')' {nr^ + ^A^A") 

= NTi I da + nT^ [ Q^r^dr + NTi j dr - AE, (48) 



with AE ^ 1.01Q2N{6N/ny/^Ti£s. A gain we have full agreement with the D-string result ([31| ) 
in the limit of large A^. Note that in analogy with the D3_LD1 analysis, the above result includes 
a contribution of precisely n D5-branes, while the D-string calculations yield 1/n corrections 
to the coefficient of this term. 

The one point we have not yet addressed is finding an actual gauge field solution corre- 
sponding to a homogeneous instanton on the four-sphere.Q The ADHM construction reduces 
the problem of finding instanton configurations on to an explicit algebraic procedure — 
see, e.g., ref. [^. Due to conformal invariance of the Yang-Mills system, instanton solutions 
on the four-sphere can then be produced with the usual stereographic projection of 5*^ onto 
M^. For instanton number = 1 (or -1) and gauge group SU{2), one finds that the unit size 
instanton located at the origin of projects to a homogeneous instanton configuration on 
the four-sphere. We describe this configuration is some detail in appendix B for the interested 
reader. Replacing the fundamental SU{2) generators by an n x n representation allows us to 
embed this homogeneous solution in an SU{n) gauge theory. The instanton number of the 
resulting SU (n) gauge field is maximized by choosing the irreducible representation, giving 



N = ^ I TrFAF = ^^^^ ^\ (49) 



Now a key result is that using a theorem by H.C Wang [^, one may prove that this is the 
homogeneous instanton configuration on the four-sphere with the largest possible value of the 
second Chern class — see discussion in Appendix B. So in particular for SU{2) instantons on 
5*^, the only 5*0(5) invariant configurations will have = 1, or -1. For the higher rank case 
of SU{n), we can of course obtain an instanton number lower than in eq. (|49|) by choosing a 
reducible nxn representation of the SU (2) algebra. This would correspond to several decoupled 
bunches of D5-branes each of which would support separate bundles of D-strings. Also, the 

^We would like to acknowledge Jan Segert for invaluable assistance on this issue. 
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scalar field 0(r) would necessarily be a more general diagonal matrix made up of a direct sum 
of independent U(l) subgroups rather than proportional to the full n x n identity matrix. In 
this situation the different parts of the problem completely decouple. 



In fact we see from the energy ( ^81) that the irreducible representation is preferred: As we will 
describe in the discussion section, for a given number of D-strings and an unlimited supply 
of D5-branes, we maximize AE (and thus minimize the energy) by coupling the D-strings as a 
single bundle to a number of D5-branes given by eq. (^9]). 



Note that for large n, the upper bound ( ^5D on agrees exactly with the mysterious 
restriction (pISD that appears in the construction of the fuzzy funnel! While this agreement is a 
remarkable success of the duality between the D-string and D5-brane descriptions, it appears 
that this restriction arises from our use of a spherically symmetric ansatz. Presumably the 
restriction can be evaded if we were to consider more general field configurations, although as 
a practical matter this would make the analysis much more difficult. 

With a fully spherically symmetric ansatz as required by the equations of motion, we can 
also perform a minimum-energy analysis in analogy with the D3_LDl-brane case. Beginning 
with D5-brane action (ffll), the energy may be suggestively written as 



(^1 + |r-4F*FA0' T \r~^F*Fy+ 



+ \r-\F - *F)2(1 + A2(0')2) + ( Jl + \r-^F*F ± \r'^F*F\(t)'f 



1/2 



^ ^5 l^/gd ar drTr 



1 + \r-^F*F ± \r^^F*FX(j)' 



(50) 



where F*F = Fij*F^'' . The lower bound on the energy is achieved]^ with Fij = *Fij and 



X(f)' = ±K-^F*F/^1 + \r-^F*F. (51) 



Now substituting in eq. (145|), eq. (0) coincides precisely with the equation governing the profile 
of the infinite spike, i.e., eq. ( ^7D with B = 2/3N. Claiming that the lower bound is a true 
minimum energy is not quite rigorous, as the lower bound is not just a sum of "trivial" and 
"topological" terms, as in the D3±Dl-brane case. Combining spherical symmetry and the 
charge quantization condition (^0]), one has that F*F is independent of r, and so the second 
term is indeed topological. Note that the "trivial" term contains the contributions of the 
D5-branes, the radial D-strings and the binding energy. 

Note that for eq. (^) to have a sensible interpretation, all of the gauge covariant expressions 
are understood to be proportional to the identity matrix. This is achieved by selecting the 
irreducible SU{2) representation in the construction of the instanton as described above. For 
the reducible cases, the equation (0) decouples into separate parts after extending 0(r) to a 
more general diagonal matrix, again as discussed above. 

^There is a similar bound for anti-self-dual field strengths, obtained by flipping the sign of *F everywhere. 
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5 Generalization to dyonic strings 



It is straightforward to extend the discussion to dyonic strings [[l^, ^ rather than D- 
strings, ending on D5-branes. That is, replace the D-strings above with (A^, A^/)-strings, i.e., 
bound states of D-strings and Nf fundamental strings. The revised analysis is extended in 
complete analogy with that for the D3_LD1 system - see, e.g., refs. |T^, ^ - and so we present 
only the salient calculations. 

Let us start with the D-string world volume theory, where fundamental strings are intro- 
duced by adding a f/(l) electric field. Denoting the electric field as Fra = S In, the D-string 
action (^) becomes 

S = -NT, J d^a^l - X^S^ + {R'y[l + 4i?V(cA')] . (52) 

Now the gauge field equations of motion set £^ to be a constant. The latter is then fixed by the 
quantization condition on the displacement, D = Nf/N, where 



after using the equations of motion. We note that rescaling cr to a = a/1 — X^£^ cr in eq. ([5^ ) 
precisely reproduces the action ( ^31) with no electric field. Hence the modified profile, in the 
presence of the Nf fundamental strings, is just a stretched out version of the previous result. 
To be precise, we have 

a^N,N,)i^) = \/^ + i9sNf/Nya^N,om^ (54) 

using Ti = (Xgs)^^ where gs is the string coupling. Hence for large Nf, the profile keeps 
behaving like the harmonic solution further out from the D5-brane, as would be expected for 
a collection of fundamental strings — see the discussion section. To calculate the energy, we 
evaluate the Hamiltonian, E = J da{DS — C). The only difference in the final result compared 
to eq. (|3ll) , is that the contribution involving the perpendicular strings becomes 

E ~ ^m + glN]Ti da, (55) 

as expected for the dyonic strings. The energy of the radial D-strings, however, is unchanged, 
in accord with expectations. 

From the point of view of the D5-brane world volume theory, the fundamental strings act 
as electric point charges 0. Hence in this case, we add a static radial electric field £{r) = 
For{r) = —A'f){r) in the U{1) sector of the D5-brane theory. The only change in the D5-brane 
action (P|) is that (0')^ — > (0')^ ~ (^o)^) which means that 0(r) and Ao{r) will have the same 
equations of motion. Therefore we will find solutions with Ao{r) = a(j){r), where a a constant. 



14 



In terms of the rescaled scalar, 0(r) = y/1 — a'^(j){r) the equations and the solution are exactly 
as before. Again the only modification to the energy is that the contribution representing the 
perpendicular strings is multiphed by a factor of 1/ — a^. We can use this result to read off 
the value of a, namely, 

a = (56) 

completing the specification the solution. This constant can also be fixed to the same value 
by charge quantization arguments. In any event, this value of a produces precisely the same 
stretching of the radial profile as was found in the D-string analysis (0). Notice that the 
electric field associated with the fundamental strings is not just a simple Coloumb field, rather 
it has the structure of the profile function 0'(r). For large QsNj, however, the region where 
the field is approximately a Coloumb field becomes large. Further in this limit, the field agrees 
precisely with that expected for an fundamental-string spike ([75|). 



6 Linearized fluctuations 

For the D3_LD1 system, the dynamics of the both the bion spike P, p6[ and the fuzzy funnel 



Tj] were studied by considering linearized fluctuations around the static solutions presented 
in Section 2. Given the fluctuation equations, two interesting comparisons were made. First, 
one can compare the propagation of perturbations on the D3-brane spike with that on the 
D-string funnel. Here, at least for large N and low angular momenta (on the two-sphere cross- 
sections), there was good agreement between the two descriptions. As explained in ref. 



producing agreement for high angular momentum would require an analysis which goes beyond 
the low energy Born-Infeld action. A second interesting comparison was made to perturbations 
propagating on a test string in the supergravity background of an orthogonal D3-brane [ p6[| . 
One finds that the fluctuation equations for the bion correspond precisely to the wave equations 
for the test string, including the modifications due to the curved space time background. From 
a modern point of view, one can attribute the success of the latter agreement as due to the 



AdS/CFT correspondence ^6 



In the following, we begin an examination of propagation of fluctuations on the fuzzy funnel 
presented in Section 3. Our analysis is incomplete in that we do not present a complete 
understanding of how our results should be mapped to either those for a D5-brane bion spike 
or a test D-string in a supergravity background. 

When considering fluctuations of the D5_LD1 system, the setup similar to the D3_LDl-case 
26|, n. There are two basic types of funnel fluctuations, the overall transverse modes in the 



directions perpendicular to both the D5-branes and the D-strings {i.e., X^'^'^), and the relative 
transverse modes which are transverse to the D-strings, but parallel to the D5-brane world 
volume {i.e., along X^'^''^'^'^). For simplicity in the following, we will only present examples of 
the overall transverse fluctuations. 
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Modes on the fuzzy four-sphere: 



For the moment, consider the general case of D-strings expanding into a D(2/c+l)-brane. 
The associated funnel would naturally have the topology of R x S"^^. The perturbations of 
this geometry are naturally decomposed in terms of spherical harmonics on the 2/c-sphere — 
in particular this seems natural if one is to compare to the fluctuations of the dual bion spike 
in the D(2A;+l)-brane description. The latter can be thought of as symmetric traceless tensor 
representations of the S0{2k + 1) symmetry acting on the S'^'^. To be precise, given Cartesian 
coordinates X* in a (2/c+l)-dimensional embedding space, the 2/c-sphere can be described as 



c . (57) 



With this restriction, the spherical harmonics may then be written as 

ai,i,...i,X''X''---X'' (58) 

where the a are naturally symmetric, because of the commuting nature of the coordinates, and 
traceless, because of the restriction (|57|) . In the construction of a fuzzy sphere, one replaces 



the embedding coordinates X* by flnite dimensional matrices satisfying 

Y.{Gr = cl. (59) 

i 

The spherical harmonics are then replaced by 

a,,,,...,,G''G''---G'' (60) 

with the a deflned as above. These matrix harmonics can be regarded as yielding a modiflcation 
of the algebra of the functions on the sphere, similar to usual discussions of noncommutative 
geometry However, since the products in eq. (|60D will only yield a flnite number of 



linearly independent matrices, there will be an upper bound on i. Thus the matrix construction 
truncates the full algebra of functions on the sphere to those with i < imax- Thus the star 
product on the fuzzy sphere differs from that obtained by the deformation quantization of the 
Poisson structure on the embedding space, i.e., the latter is deflned for the space of all square 
integrable functions on the sphere [^, ^ 



Consider the speciflc case of k = 1, i.e., D-strings expanding into a D3-brane with a funnel 
of topology Rx S"^. The fuzzy two-sphere is constructed with the chosen to correspond 
to the SU{2) generators a.\ appearing in Section 2. As discussed there, for the irreducible 
N X N representation, these matrices satisfy eq. ( ^9]) with c = N'^ — 1. Because the a* form 
a Lie algebra (|12|), the symmetrized products ( |60D with I < N — 1 yield all of the possible 
independent matrix products. Hence there is a precise correspondence between these matrix 
expressions (pO) and the spherical harmonics on S"^ up to dmax = N — 1. 



The construction of the fuzzy four-sphere which corresponds to A; = 2 above, 

appears very similar, but in fact it yields a very different object. Here the appropriate are 
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the N X N matrices described in appendix A. With these, one can construct matrix harmonics 
([60| ) with £ < £max = n I^O]. However, a key difference from the fuzzy two-sphere is that here 



the do not form a Lie algebra, and as a result the algebra of these matrix harmonics does 
not close |2^! This can be understood by noting that while the alone do not form a Lie 
algebra, the combination of the and G^^ do, giving a representation of the algebra S0{1, 5). 
This can be seen from the definition of the G^^ = [G*, G^]/2 and the commutators in eq. 
Hence a closed algebra of matrix functions would be given by 

~ paxpa^ pan 



(61) 



where the G" are generators of 5*0(1, 5) with a = 1, . . . , 15, and the a are naturally symmetric 
in the 5*0(1,5) indices. There are also a number of trace constraints arising from the matrix 
identities given in eqs. (^,0,^). Having identified G" = G° for a = 1 ... 5, the desired matrix 
harmonics would correspond to the subset of a with nonvanishing entries only for indices Oj < 5. 
Thus while the fuzzy four-sphere construction introduces an algebra that contains a truncated 
set of the spherical harmonics on 5*'^, the algebra also contains a large number of elements 
transforming under other representations of the 5*0(5) symmetry group that acts on the four- 
sphere. We refer the reader to ref. for a precise description of the complete algebra in terms 
of representations of 5*0(5) (or rather Spin{5) = Sp{4)). 

When it comes to the physical fluctuations of the fuzzy funnel describing D-strings expand- 
ing into D5-branes, we stress that both sets of these modes play a role. For the purposes 
of illustration, it is sufficient to only consider the lowest order equations of motion (^l]) and 
examine linearized fluctuations The linearized equation is 



(62) 



As mentioned above, we will focus on overall transverse fluctuations involving, e.g., 5$^. First 
consider the matrix harmonic modes (|60D, i.e., a fluctuation proportional to a symmetric trace- 
less product of G"s, 

5^^ = ai,i^...ifi''G'' ■■■G''. (63) 
The lowest order equation (|62D then becomes 



zcr^ 



ai^...i^[a,T) 



0. 



(64) 



Notice that the double commutator terms on the right hand side of eq. (|62|) have produced the 
correct angular momentum barrier for a spherical harmonic mode propagating on the 5*^. 

As discussed earlier, however, we need also consider more general fluctuations which include 



the G*-'. The simplest example is given by, 5$ 
the equation of motion (|6^) yields 



aijG'^ where 



—a 



92 + — 



Substituting into 



(65) 
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Hence the equation of motion has essentially the same form as for the matrix harmonics. This 
illustrates then that within the context of the fuzzy funnel, the fluctuations involving G*-' are 
equally valid physical modes. 

If we were to compare the above fluctuations to those in the D5-brane description of the 
intersection, it would seem that the 5$^ fluctuations proportional to symmetric traceless prod- 
ucts of must correspond to U{1) scalar field fluctuations of 0^ proportional the spherical 
harmonics on the (commutative) four-sphere. Identifying the D5-brane modes corresponding 
to (5$^ fluctuations involving G^^ is more puzzling. However, it seems that they must be related 
to non-abelian excitations of the D5-brane theory. It would be interesting to investigate this 
correspondence in detail, as it may yield new insights on thinking about the fuzzy four-sphere 
geometry. Beyond the linearized equations of motion, clues as to the interpretation of these 
modes can be found by investigating the nontrivial couplings which they induce. For example, 
the Wess-Zumino part of the non-abelian D-string action contains a term [Q: 

- I dadrTr ($^$^$^) F^%,, (66) 

corresponding to a D3-brane dipole coupling. Hence when the antisymmetric mode considered 
above propagates on the fuzzy funnel, one finds 

- zA/xi J dadr Tr ($^$^5$^) Fi%, = J dadr R\a) a., F%,. (67) 

using the background = R{a)G^ / y/c\. We therefore see that perturbing by these modes 
induces a D3-brane dipole along the fuzzy funnel. This coupling would vanish for any of the 
usual matrix harmonics given in eq. (|63l). 

Supergravity comparison: 

For the D3_LD1 system, it was found that the linearized equations for the full Born-Infeld 
action encoded some of the modifications of the supergravity background generated by the 
D3-branes , 14 1 . Here we consider the analogous analysis for the fuzzy funnel describing the 



D5_LD1 system. 

The simplest modes are those which do not excite internal modes on the S"^, i.e., fluctuations 
proportional to the identity matrix, say 



5$6(a,r) = /(a,r)l 



N 



Plugging this fluctuation into the full D-string action, together with the funnel ansatz 
RG^^cX, we find 

S = -NTi J dV-^(l + i?'2)(l - A2/2) + A2/'2 [1 + 4i?7(cA' 

= -iVTi j d\H^l-X^P + ^r (69) 
= -NT, I d'a (h - \\'Hp + \\^f^ + . . .y 
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^^M=(i + ^1. (70) 



with 

'^^^^-^ 

In the second hne above, we used the equation of motion for R{(j), while in the third hne 
retained only quadratic terms in /, as is appropriate to determine the linearized equations of 
motion. The latter become 

{Hd'^-dl)fia,T) = 0. (71) 
Evaluating this result for large a, using the asymptotics (|26D, yields 

l + ^'\dl-diy{a,r)^0. (72) 

Here we have also used c ~ for large n. 

Now we wish to compare this result with the fluctuation equation for a test D-string in 
some supergravity background, e.g., a D5-brane background. Assuming a diagonal background 
metric G^j,, the test D-string action becomes 



(73) 



The second line above holds for arbitrary (diagonal) metrics, while the third line is evaluated 
for the metric of n D5-branes, 



e-2<^ = hia), (74) 
h{a) = 1 + LVo^^ L"^ = na'gs, 



Note that the background RR field and the Wess-Zumino interactions do not contribute to the 
quadratic action in this case. Hence the the linearized equation of motion for / is 

(R2-9^ + -^9.)/(a,r) = 0, (75) 

which does not appear to match the previous equation of motion ([7l|) . One can improve on 
matching the form of the equations by changing the spatial variable, = cr^ + L^, which yields 

ih'd'^-dl)fia,T) = 0. (76) 

However there is still a mismatch because the 'harmonic' functions multiplying fails to agree. 
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The terms in eq. (|72]) would be more appropriate for a 3-brane-like background. This is 
perhaps not surprising as the large a behavior of the D-string funnel is universal, and will thus 
agree with what we found for D3_LD1. The disagreement is still puzzling, however, as we would 
expect both the D-string and the test-string descriptions to be valid for large a. If we insist 



that the quadratic action (3£) should be exactly reproduced by a supergravity background, the 
latter must satisfy 

Grr = Gee = H'^G,, = H^^et (77) 

These precise relations need only apply along the radial line where the D-string is placed. It 
would be very interesting to find a physical interpretation of such a background. 



Note that for the F-string spikes discussed in ref . p6[ , agreement with supergravity was only 
found for D3- and D4-branes. In the case of D5-branes one can argue that the bion description 
of the F-string spike has broken down at large a. In contrast, we expect that large a is precisely 
the regime where the fuzzy funnel description of the D5_LD1 system is reliable. 



7 Discussion 



We have described two dual descriptions of the D5_LD1 system. In particular, we have found 
solutions of both the low energy Dl-brane and D5-brane theories describing a set of Dl- 
branes ending on a collection of n orthogonal D5-branes. Good agreement was found in the 
formulae describing the energy, RR couplings and the funnel geometry in the two theories. 
While one may regard the two different types of D-branes as giving dual descriptions of the 
same intersection, we stress that our analysis is limited to the low energy world volume theory 
in each case. Hence in neither case do we have a complete description as in both theories the 
configurations of interest contain singularities. Our analysis therefore yields two complementary 
descriptions of the D5_LD1 intersection. In the region far away from the D5-branes, the fuzzy 
funnel construction of the Dl-brane theory is reliable, while near the D5-brane, the D5-brane 
bion picture is trustworthy. 

Regimes of validity: 

One is left then with the question of why do these two descriptions agree so well for large 
n or N. A similar agreement exists for the D3±D1 system, and in that case a careful analysis 
of the two complementary theories showed that for large N there is a large region of overlap 
in which both theories give a reliable description of the intersection A similar result is 

found upon examining the regimes of validity of the D-string and D5-brane theories in the 
present case. First, we must determine when we can confidently ignore the higher derivative 
corrections to the Born-Infeld action arising from the usual a' expansion of low energy string 
theory. Schematically we require that ^ For the spike solution on the D5-brane, 

this translates into r"^ ^ i^, while for the fuzzy funnel in the D-string theory, we find that this 
restriction is equivalent to -C ci^. So for large n with c ~ n^, there is a significant overlap 
region where the higher derivatives are negligible in both theories and we might expect good 
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agreement. 



As well as higher derivative corrections, the non-abelian action with the symmetric trace 



prescription requires additional higher order commutator corrections ^ ^ — see also 
the discussion in ref. 0. For the fuzzy funnel, we might require that ^^l-^'l ^ 1 or i^R^ <C 1 
since these dimensionless quantities characterize the relevant scalar field commutators. In terms 
of the physical radius, both of these restrictions can be translated into <^ ci^, which coincides 
with that found above. A more conservative bound for avoiding higher commutator corrections 
is demanding that the Taylor expansion of the square root in the action (p!5D should converge 
rapidly. The latter produces the more restrictive condition that <C c^/^£^. However, for large 
n, this still seems to leave room for a significant region of overlap with the D5-brane description. 

The D5-brane theory is also non-abelian, and so one might consider the effect of higher 
commutator corrections to the spike solution as well. However, we argue that in fact these 
additional commutators do not affect the configuration studied here. First, as can be seen in 
eq. (0), the determinant in the five-brane action (|36|) factors into two separate terms: a radial 
term involving the abelian scalar, and an angular term involving the non-abelian gauge field. 
Hence any higher commutators will only affect the latter contribution. However, here we note 
that the gauge field configuration of interest is self-dual (or ant i- self- dual), and investigations 
of the non-abelian Born-Infeld theory indicate that the higher commutator corrections do not 
affect such configurations. In particular, one finds that the spectrum of the non-abelian Born- 
Infeld theory precisely matches that of the full string theory when considering excitations 



around a self-dual field configuration ^ Hence it would appear that higher order 



commutators will not modify the analysis in the D5-brane theory. 

Hence from our analysis, we are led to conclude that in the regime £^ -C -C n £^ both the 
D-string and D5-brane descriptions should be reliable. Thus for large n, we have a large region 
of overlap and we should expect good agreement between the D5-brane spike and the D-string's 
fuzzy funnel. In Section 3, the calculations are also expected to have 1/c corrections since we 
did not implement the symmetrization of the gauge trace. However, these corrections to the 
D-string analysis will be negligible as long as n is large. This point was not a problem in the 
D5-brane analysis since for (anti-) self dual gauge fields the square root in the action simplifies, 
as shown in eq. (0). In passing, we also point out that our calculations neglect gravitational 
effects, which is justified when QsN ^ 1. However, we can simply consider very weak string 
couphng since gs does not appear in our calculations. 

Geometric profile: 

The full nonlinear form of the Born-Infeld action was important to produce a funnel which 
made a transition between the universal behavior [R ~ o"^^) at small R and the harmonic 
behavior {R ~ cr~^/^) at large R, as discussed in Section 3. Of course, the same is true for the 
profile of the bion spikes constructed in Section 4. 

It is interesting to compare the profile of the D5_LD1 intersection to that for the D5_LF1 
intersection. Fundamental strings ending on an orthogonal D5-brane act like electric point 
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sources in the world volume theory of the D5-brane, and the intersection was studied from this 
point of view in ref. [^]. For Nf fundamental strings ending on n D5-branes, the transverse 
scalar on the D5-brane is given by 

= (78) 

and the corresponding radial electric field on the D5-brane world volume is simply = dra{r). 
This agrees with the profile of the D-string spike for small a [i.e., in the harmonic function 
regime) with the substitution — > NfQg. However, for large a, the D-string spike is much 
narrower because of the onset of the universal behavior. The two profiles are plotted together 
in Fig. |1|. 



Figure 1: The shape of D-string (solid curve) and fundamental string (dashed curve) spikes 
extending from a set of orthogonal D5-branes. We have set N = NjQs so that the profiles 
overlap for small a. 



S-duality will transform the D5_LF1 intersection into an NS5_LD1 intersection. Since Qgig ~ 
ip is invariant under S-duality, eq. ( |78D also describes the profile for the latter system of in- 
tersecting branes. Of course, this observation begs the question of how does one realize this 
intersection with a fuzzy funnel description? The latter is related to the unresolved problem 



of constructing transverse five-branes in Matrix theory [0, . For the profile (^) above to be 
reliable in the D-string theory, it would have to give a macroscopic radius in a regime where 
the variation of the radius is still small {i.e., r ^ ig, d^r <^ 1). Combining these constraints 
requires that Ngg S> 1, which would be consistent with the idea that the D-brane couplings to 
the NS5-brane charge strong coupling effect. 

If would also be interesting to investigate whether one can find funnel solutions for funda- 
mental strings, giving a dual description of the Dp±Fl intersections. A possible framework for 
such an analysis is provided by matrix strings 



Another important aspect of the geometry in our constructions was the spherical symme- 
try. In Section 4, this symmetry appeared essentially as an assumption which we imposed in 
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order to make the problem tractable. Solving for symmetric instanton configurations yields 
the curious relation between N, the number of D-strings and n, the number of D5-branes: 
~ for large A^. Remarkably, precisely the same relation arises (again for large A^) from 
the noncommutative geometry in the construction of the D-string funnel — see eq. (|18|). Im- 
plicitly spherical symmetry is again an underlying assumption in the latter construction, i.e., 
by definition the fuzzy four-sphere is S0{5) symmetric 



We would expect that for any N,n ^ 1 that the D5_LD1 intersection has a smooth geometric 
resolution. However, it seems that the intricacies of the non-abelian world volume theories will 
not allow for spherically symmetric solutions in general. This is similar to the case of BPS 
SU{2) magnetic monopoles, which describe D-strings extending between parallel D3-branes at 
finite separation . It is known that there are no spherically symmetric solutions for monopole 



charge greater than one. The best one can do is to obtain axially symmetric configurations 



47| . On the D5-brane side, relaxing the condition of spherical symmetry would enable one to 
obtain higher instanton number solutions, but, of course, allowing for angular variations in the 
scalar and gauge fields makes finding solutions significantly harder. Similarly, on the Dl-brane 
side relaxing the S0{5) symmetry presumably allows for the use of more general matrices, but 
it is not at all clear how one should proceed if the matrices G* are abandoned. We leave these 
issues for future work. 

SUSY and stability: 

There is, of course, one major distinction between the D5_LD1 system and the D3±D1 
system. That is, while the latter is supersymmetric, the former is not. This is seen easily in 
perturbative string theory P, |^, where one finds that having six Neumann-Dirichlet directions 
for the D1-D5 strings is incompatible with supersymmetric ground state. Given the lack of 
super symmetry, one might worry that the configurations describing the D5_LD1 intersection 
are unstable. However, the inequality in eq. shows that the semi-infinite fuzzy funnel is 
a minimum energy configuration, given the boundary conditions that have been imposed. A 
similar inequality ( pUD appeared in the discussion of the D5-brane spike. Here again we comment 
that in both of world volume theories, the configurations describing the D5_LD1 intersection 
are singular but the singularities have an interesting physical interpretation in terms of D-brane 
geometries. Now once we admit such non-standard or singular boundary conditions, there is 
no obvious way in which the system could decay compatible with the physics of D-branes. In 
other words, the boundary conditions define a certain super-selection sector, and since we have 
the semi-infinite funnel to be the lowest energy configuration within this sector, we can expect 
stability, at least to perturbative deformations of the system. 

We note that there does exist a supersymmetric configuration of a Dl-brane orthogonal to 
a D5-brane where appropriate fiuxes of the NS two-form field are introduced on the D5-brane 
|S[. In fact by tuning these fiuxes the Dl- and D5-branes can remain supersymmetric while 



at any angle. The supersymmetry in these configurations is maintained by the fact that the 
supersymmetric variation of the D5-brane world volume gaugino is altered in the presence of 
the constant background B-field in such a way as to be compatible with the supersymmetry of 
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the Dl-brane. These results would apply most directly to an infinite Dl-brane which "pierces" 
an orthogonal D5-brane. To go from this system to the D5_LD1 intersection considered here, 
one would have to split the D-string on the D5-brane and move one half off to infinity along the 
D5-brane. However, it is not obvious whether or not supersymmetry could be maintained in 
this operation, but it would be an interesting project for future research. One final observation 
is that the supersymmetric configuration would not be spherically symmetric as the B-field 
fiuxes distinguish the different directions on the D5-brane world volume. 

Energy: 

Being a non-supersymmetric state, the energy of the D5_LD1 intersection is not simply the 
sum of the energy of the constituents. Perhaps surprisingly, the energy given in eqs. (PTT) or 



splits rather nicely into four distinct parts. The first and second contributions correspond to 
the energy of the n D5-branes and the N semi-infinite D-strings extending orthogonally away 
from the D5-branes. Next there is a term that equals the energy of semi-infinite D-strings 
extending out radially in the D5-brane world volume (like the dashed lines in Fig. |^ (a) below). 
Finally there is a finite binding energy, given in eq. (|32|).. 

How can we understand the appearance of the 'radial' D-string term in the energy? Loosely 
speaking the D-strings do not terminate at a fixed intersection point on the D5-brane, but 
rather they dissolve into the five-brane world volume and spread out to infinity in the guise 
of the gauge fields (|35|). One can easily confirm that the gauge configuration introduces the 
appropriate source for the RR two-form to correspond to the D-strings spreading out radially 
across the world volume. Of course, these comments would hold equally well in discussing 
the bion spike describing D3_LD1 intersection in Section 2. Why then is this not refiected in 
the bion energy (^? If one considers parallel D-strings and D3-branes, a true bound state 
is formed @, ^, ^ but in the limit of large D3-brane volume, the energy approaches that of 
the D3-branes alone. (The D-string charge is still given by integrating the vanishingly small 
magnetic fiux across the entire D3-brane.) In contrast, parallel D-strings and D5-branes form 
a marginal bound state whose total energy is always given by the sum of that for each of the 
constituents. Hence, there remains a contribution in the energy from the radial spreading of 
D-strings. Of course, the 'radial' D-strings are not all parallel to each other, and so the analogy 
to the supersymmetric system of parallel D-strings and D5-branes is not precise. 

In fact one might expect a large additional contribution to the energy due to the interaction 
between these 'radial' D-strings. However, the remaining term in the energy is a finite, negative 
contribution, —AE. This is the only term which distinguishes between configurations in which 
the D-strings couple to the D5-brane as a single bundle or not. For instance, consider a situation 
where we have D-strings and a large number of D5-branes available for the D-strings to end 
on. One possibility is to split the D-strings into two bundles with A^i and N2 strings, each 
coupling to Til and n2 D5-branes, where ~ N^^^ assuming large (using the irreducible 
representation in the construction of the SU{ni) instantons). Since AE ~ N{N/ny/* (see 
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(b) 



Figure 2: (a) Schematic picture of strings ending on a brane. The endpoint of the strings has 
a charge which is carried away by flux hues on the brane. Alternatively one can think of the 
flux lines as a continuation of the strings, smeared over the angular directions, (b) In reality 
the strings pull on the brane, creating a spiked surface. 

below eq. (^S])), the total binding energy for this configuration is 



On the other hand, all of the D-strings can be combined in a single source of instanton num- 
ber. This is accomplished with roughly N^^^ D5-branes, and the binding energy of such a 
configuration depends on as 



Hence this single bundle of D-strings has a larger binding energy than the one in eq. (|79D . 
Noting that AE contributes with a negative sign to the total energy, we conclude that for 
D-strings and a large available number of D5-branes, we minimize the energy (^) by coupling 
all the D-strings to the smallest possible number n of D5-branes compatible with the upper 



It is also interesting to compare our results for the D5_LD1 intersection to the supergravity 
picture with test D-strings in the background corresponding orthogonal D5-branes. The latter 
framework yields the correct energy for the D3_LD1 system. The relevant fields for the D5-brane 
background are given in eq. ([7^) . The energy of A^ test D-strings extending along a in this 
geometry is given by 




(79) 




(80) 



bound (H). 



/ 

^0 



oo 



E = NT, da e-WGuG.. = NT^ 



(81) 



Jo 
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Here, of course, we find a divergent contribution as a ^ oo corresponding to the energy of 
the D-strings extending off to infinity. Note, however, that there is a logarithmic divergence 
in the energy down the throat of the D5-brane as cr — > 0. This divergence emerges because of 
the nontrivial dilaton profile in the D5-brane background (0). It is tempting to associate this 
divergent energy with the contribution which we identified with the radial D-strings above, but 
the precise form of the divergences does not seem to agree. Even the leading order deviations 
from flat space at large a disagree, similar what was found for the fluctuations. We should 
also note that due to the variation of the background dilaton, the effective string coupling is 
becoming smaller as we approach the D5-branes, and thus the effective D-string tension {i.e., 
energy density) is becoming large. At some point, the test brane picture of the D-strings 
will break down, and there will be significant corrections to the geometry. This suggests that 
the D5-brane supergravity background is not the relevant one for this system. In fact, the 
supergravity background (|7^) we introduced in the analysis of the fluctuation equations, also 
yields the correct test-string energy. This is to be expected since the relations in eq. (|77| ) 
ensured that the quadratic actions agreed including the constant term. The latter essentially 
corresponds to the energy density. It would be interesting to address these issues in the context 
of the AdS/CFT along the lines of ref. [0. 

Other fuzzy funnels: 

In this paper, we have constructed the simplest extension of a new class of brane intersections 
in analogy with the D3_LD1 system. The smooth resolution of the D5_LD1 intersection owes 
its existence to the non-abelian nature of the world volume gauge theories. It also provides 
another example of the duality by which a given brane configuration can be described by two 
different world volume theories. There are many other extensions of this construction that 
might be considered. 

For instance, one might construct fuzzy funnels with other noncommutative geometries. 
For example, a number of different fuzzy geometries are considered in ref. fl^, including the 
coset geometries: SU{2)/U{1) x SU{2)/U{1), SU{3)/U{2) and SU{3)/U{1) x f/(l). While 
there the analysis focussed on the dielectric effect, their constructions can easily be adapted to 
produce new non-abelian brane intersections. The first case above would simply yield a fuzzy 
funnel with cross-section S*^ x S"^. Of course, the interpretation would be that of a Dl-brane 
intersecting a pair of mutually orthogonal D3-branes. The case of SU{3)/U{2) ~ CP^ would 
give a four- dimensional cross-section and one can easily verify that the funnel couples to the RR 
six- form. Hence this would also yield a D5_LD1 intersection but with a more exotic five-brane 
geometry. Finally, the coset SU(3)/U(l)xU(l) is six- dimensional and from the RR couplings, 
it appears the the corresponding funnel would describe the D-strings expanding into a bound 
state of D7- and D5-branes. 

A less exotic intersection which would be interesting is the D7_LD1 system. In this case, 
the system would be supersymmetric and so perhaps the world volume field theory configura- 
tions would be more reliable. In the D7-brane theory, one would have to consider gauge field 
configurations on the six-sphere with nonvanishing third Chern character. For the D-string de- 
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scription, the funnel would require a fuzzy S^. It may be that these configurations are related 
to the work of ref. USTI. 



Another interesting extension of our work would be to consider D-strings joining collections 
of parallel D5-branes with finite separation. These configurations would be related to the 
double funnels mentioned in Sections 3 and 4. However, given the results for the analogous 
configurations of D-strings and D3-branes | 
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it is likely that the true minimum energy 
configurations will not be spherically symmetric. It would also be interesting to consider the 
asymmetric case where the numbers of D5-branes at either end of the D-string are not equal. 
This would lead to exotic funnels similar to the domain walls considered in ref. WE\. 



Perhaps the ideas considered here could also be extended to even more exotic intersections in 
M-theory, involving M2-branes, M5-branes and KK monopoles, using the non-abelian couplings 
proposed in ref. pO|. 
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A The matrices 

For the convenience of the reader, we here reproduce several formulae involving the matrices 
which were used to construct our D-string funnel. These matrices were presented in ref. 



to provide a fuzzy four-sphere. They satisfy certain physical properties including producing a 
spherical locus, S0{5) rotational invariance and an appropriate spectrum of eigenvalues. The 



equations below are taken directly from the paper by Castelino, Lee and Taylor |2J], and we 
refer the reader there for more details. 

The matrices and G*-' are defined as follows: 

G' = (r*(g)i®---®i + i®r*®i® ■■•®i + --- + i(g)---®i®r^)gy^, 

G'^ = ^[G\G^], (82) 

where F*, i = 1, . . . , 5 are 4x4 Euclidean gamma matrices, and 1 is the identity matrix. The 
subscript Sym means the matrices are restricted to the completely symmetric tensor product 
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space. An explicit construction of these matrices in 2 x 2 block- diagonal form is given by 



- r ;^ I (83) 



.4 _ / I2 

I2 

'0-1 



2 

where (7^ are the usual Pauli matrices. 

The dimension and the "Casimir" of the n-fold totally symmetric representation are 

(n + !)(,. + 2)(n + 3) _ + (3,j 

The Casimir, c, appears in the following identities: 

G'G' = c Ijv, C'^G^' = 4c Ijv. (85) 
The commutators of G*'s and G-'^^'s are easily obtained from those of gamma matrices: 

[G'^,G^] = 2{d^''G' -5'''G^), 

Note then that the G*^ are the generators of 5*0(5) rotations. There is a very useful identity 
between the anti-commutators: 

{G'\ + {G\ G^} = 2c5'Hn, (87) 

and we also need the following identities: 

QijQjk ^ c5'^ + G'G'' -2G^G\ 
^ijkiruQiQjQkQi ^ (8n+16)G"*. (88) 

Combining the above definitions and identities, it is straightforward to derive the following 
formulae 

QiQjQiQj ^ _ QiQjQikQkj ^ 

QiQjkQiQjk ^ ^_4^2 ^ i6c)l^, G'^G^^G'^G^^ = (16c2 - 96c)ljv, 

QijQjkQklQli ^ ^4^2 ^ 32c) QiiQjkQUQlk ^ (^^^2 _ ^Q^jl N , 



^i^j^jk^ki ^i^ik^j^jk ^i^jk^j^ik 
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B Homogeneous instantonsQ 



It is easy to construct self-dual SU (2) gauge fields which are homogeneous on 5"^ with the usual 
round metric and which have instanton number = 1. The construction takes the instanton 
on with unit scale size and makes a stereographic projection to S^. The gauge field of an 
SU{2) instanton located at the origin in R^, with scale size /x, is given by 



^M^) = + d, f^^^:^) , (89) 

where cTq (a = 1,2,3) denotes the Pauh matrices, interpreted as SU{2) generators acting on 
the fundamental representation. The explicit components then read 

Aa{x) = ''''^''l'''-f/\ ^4(X) = ^^, (90) 

while the corresponding field strength is 

which is explicitly self-dual. 

The stereographic projection from R^ to 5"^ is accomplished by the map 

= cot(a"'^/2)c2, 
= cot(a"'^/2)s2C3, 

= C0t(a"'^/2)S2S3C4, 

x"^ = cot(a;"'^/2)s2S3S4, 

where Sj = sin(a*), q = cos(a;*) and the angles on the four-sphere are defined in eq. (PB]). 
Performing this coordinate transformation for the = 1 instanton, we find the explicit field 
strengths 

Fl2 = ^Si[s3S4(Ti - S3C4Cr2 + 030-3], 

-^13 = ^S1S2[(S2C4 + C2C3S4)cri + (S2S4 - C2C3C4)cr2 - 02^3(73], (92) 
Fu = ^S1S2S3[(C2C4 - 520354)0-1 + (C2S4 + S2C3C4)cr2 3253(73], 

where as in Section 4, we use the definition Fij = XFf^i^j. The remaining components of the 
field strength follow from self-duality, e.g., F34 = ^/gg^^g^'^Fi2 = S1S253F12. This configuration 
manifestly satisfies the condition for a homogeneous instanton (^) with = 1, 

TrFi/F'^ = QX^. (93) 



^We would like to acknowledge Jan Segert for invaluable assistance on the material presented in the following. 
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In fact, we note that as required at various steps in the analysis of the D5-brane spike, this 
expression is proportional to the gauge identity matrix, i.e., Fij*F'' = 3A^ I2. 

The above gauge fields can be extended to a homogeneous instanton for the gauge group 
SU (n) by simply replacing the cTq in eqs. (|90D and (p^) by an n x n matrix representation of 
the SU(2) algebra (|T2]). The latter can then be interpreted as SU(n) generators acting in the 



fundamental representation. If we choose the irreducible nxn representation, the corresponding 
gauge field satisfies 

VF^' = (n2-l)A2l„, (94) 
corresponding to instanton number (and D-string number) 

N = (95) 

A further result is that the homogeneous SU (n) gauge field with the maximum possible instan- 
ton number is in fact the above configuration constructed with the irreducible nxn representa- 
tion of SU{2). The proof, which we sketch below, relies on two mathematical results. The first 
is is the classification of homogeneous principal bundles, and the second is the classification of 
symmetric connections on the homogeneous principal bundles, by a theorem of H.C Wang 

In general, we wish to consider principal fibre bundles which admit a fibre-transitive Lie 
group of automorphisms, which will be a necessary ingredient for Wang's theorem. Let P be a 
principal H bundle and M = P/H is the base space. Let G be the automorphism group which 
acts on P by left multiplication. These transformations commute with the H action (on the 
right), and so induce a G action on M. Suppose that this G action on M is transitive, and that 
Go is the stabilizer at some point x in M. Then Gq acts on the fibre over x, commuting with the 
H action. Since the fibre of the principal bundle is isomorphic to the group H, the Gq action 
must be via a homomorphism (p : Gq ^ H. Thus the homogeneous principal bundles are in 
one-to-one correspondence with the latter homomorphisms. For the particular case at hand, we 
consider H = SU{2), M = S'^ and G = Spin{5) = 5'p(4). Now the stabilizer is Go = Spin^A) ~ 
SU(2) X S'f/(2), and hence we consider homomorphisms (p : SU(2) x SU{2) SU(2). Aside 
from the trivial case, there are two homomorphisms: one which is the identity map on the first 
factor and trivial on the second, and another which switches the role of the two SU{2) factors. 
Only one of these supports a self-dual connection (the other is anti-self-dual), and it corresponds 
to the quaternionic Hopf fibration of the seven-sphere , i.e., S'' as SU (2) = S^ fibred over S^. 
For a principal SU{n) bundle, we have the homomorphisms : SU{2) x SU{2) — SU{n). Now 
these homomorphisms will split as 0i : SU{2) ^ Ki C SU{n) and 4>2 '■ SU{2) K2 C SU{n). 
Hence all of the homogeneous {Spin{5) invariant) bundles will decompose as bundles associated 
with the Hopf and anti-Hopf fibrations. Now given a G-invariant principal H bundle, Wang's 
theorem ||3^ puts the invariant connections over these bundles in one-to-one correspondence 



with certain linear mappings from the Lie algebras of G ^ if. Essentially these are the 
mappings consistent with the homomorphisms identified above. Hence in the case of interest, 
identifying the invariant connections corresponds to identifying SU{2) subgroups of SU{n). 
That is, the above construction in fact includes all of the homogeneous gauge configurations 
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on the four-sphere. It is straightforward to show then that the instanton number is maximized 
by the choice of the irreducible n x n representation. 
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